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ON COUPLED NONLINEAR SCHRODINGER EQUATIONS WITH 

HARMONIC POTENTIAL 

T. SAANOUNI 


Abstract. The initial value problem for some coupled nonlinear Schrodinger 
system with unbounded potential is investigated. In the defocusing case, global 
well-posedness is obtained. For the focusing sign, existence of global and non 
global solutions is discussed via potential well method. Moreover, existence of 
ground state and instability of standing waves are proved. 
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1. Introduction 


Consider the initial value problem for a Schrodinger system with power-type non- 
linearities 


( 1 . 1 ) 


iiij + Auj — \x\‘^Uj — ajk\ukf\uj\^ ‘^Uj = 0; 

Uj{0,x) = i’jix), 


k=l 


where uj : M. x —)• C for j G p = ±1 and ajk = akj are positive real 

numbers. 

The m-component coupled nonlinear Schrodinger system with power-type nonlin¬ 
earities 


{CNLS)p iiij + Auj = ±''^^ajk\uk\^\uj\^ 

k=l 


arises in many physical problems such as nonlinear optics and Bose-Einstein conden¬ 
sates. It models physical systems in which the field has more than one component. 
In nonlinear optics |2] uj denotes the component of the beam in Kerr-like photo- 
refractive media. The coupling constant ajk acts to the interaction between the 
and the components of the beam. This system arises also in the Hartree-Fock 
theory for a two component Bose-Einstein condensate. Readers are referred, for 
instance, to [121 [H] for the derivation and applications of this system. 
Well-posedness issues in the energy space of {CNLS)p were recently investigated by 
many authors [231 EH HU . 

A solution u ;= {ui,...,Um) to fll.ip formally satisfies respectively conservation of 
the mass and the energy 


M{uj) := / \uj{x,t)\‘^ dx = 

£’(u(t)) := 77 V] / (\Vuj{t)\‘^ + \xuj{t)\‘^ + - ^ajk\uj{t)uk{t)\A dx = E(u(0)). 

If p = 1, the energy is always positive and we say that the problem fll.ip is defocus- 
ing, otherwise it is focusing. 


Before going further let us recall some historic facts about this problem. The one 
component model case given by a pure power nonlinearity is of particular interest. 
The question of well-posedness in the energy space was widely investigated. We 
denote for p > 1 the Schrodinger problem 

{NLS)p iii + An — \x\^u ± u\u\^~^ = 0, n : M x —)■ C. 

For 1 < p < if A > 3 and 1 < p < oo if A G {1, 2}, local well-posedness in the 
conformal space was established mM- By [6], when p<l-|-^orp>l-|-^ with 
a defocusing nonlinearity, the solution to the Cauchy problem fll.ip exists globally. 
For p = 1 + ;^, there exists a sharp condition [30| to the global existence for the 
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Cauchy problem fll.ip . When p > 1 + the solution to the Cauchy problem fll.ip 
blows up in a finite time for a class of sufficiently large data and globally exists for 
a class of sufficiently small data [ZIIHIEZ]. 

In two space dimensions, similar results about global well-posedness and instabil¬ 
ity of the Schrodinger equation with harmonic potential and exponential nonlinearity 
exist [2T]. 

Intensive work has been done in the last few years about coupled Schrodinger 
systems [ni EH ng Eg. These works have been mainly on 2-systems or with small 
couplings. Moreover, most works treat the focusing case by considering the station¬ 
ary associated problem P EH US ai E]. Despite the partial progress made so far, 
many difficult questions remain open and little is known about m-systems for m > 3. 

In this note, we combine in some meaning the two problems {NLS)p and {CNLS)p. 
Thus, we have to overcome two difficulties. The first one is the presence of a poten¬ 
tial term and the second is the existence of coupled nonlinearities. 

It is the purpose of this manuscript to obtain global well-posedness of fll.ll) in the 
defocusing sign. In the focusing case, using potential well method pni. we discuss 
global and non global existence of solutions, via existence of ground state. Moreover, 
strong instability of standing waves is proved. 


The rest of the paper is organized as follows. The next section contains the main 
results and some technical tools needed in the sequel. The third and fourth sections 
are devoted to prove well-posedness of fll.ll) . In section five, existence of ground 
state is established. The sixth section contains a discussion of global and non-global 
existence of solutions via potential well method. The last section is devoted to 
obtaining strong instability of standing waves. In appendix, we give a proof of the 
Virial identity. 

Denoting the usual Sobolev space, define the conformal space 


S := {u G s. t [ \x\‘^\u{x)\‘^ dx < oo} 

endowed with the complete norm 


||w||s (^lll^llLaj-RiV) + ||3^Ii|lL2(iRiV) -|- IIV'u||^2(RiV) 

and the product space 

// := S X ... X S = [S]™. 

Denote the real numbers 


:=1 + 


N 


N 


and V* ■— ^ N > 2, 

and - <1 oo if iV = 2. 


We mention that C will denote a constant which may vary from line to line and if A 
and B are non negative real numbers, A< B means that A < CB. For 1 < r < oo 
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and (s,T) G [1, cxd) x (0, oo), we denote the Lebesgne space L'” := with the 

usnal norm || . ||r := || . || . || := || . ||2 and 

^+oo 

I \\u{t)\\^^dt 

0 

For simplicity, we denote the usnal Sobolev Space := and : = 

W^’^. If X is an abstract space Ct(X) := C{}^,T],X) stands for the set of contin¬ 
uous functions valued in X and X^d is the set of radial elements in X, moreover for 
an eventual solution to fll.ll) . we denote T* > 0 it’s lifespan. 



I "^11 if. (U’-) 


|'u(t)||® dt 




2. Main results and background 


In what follows, we give the main results and some estimates needed in the sequel. 


2.1. Main results. First, local well-posedness of the Schrodinger problem fll.ll) is 
claimed. 


Theorem 2.1. Let N G [2,6] and 'h := (-^i, ..,'ipm) £ H- Assume that 1 < p < p* 
if 3 < N < 6 and 1 < p < p* if N = 2. Then, there exist T* > 0 and a unique 
maximal solution to fll.ip . 

ueC{[0,T*),H). 


Moreover, 

(1) uG 

(2) u satisfies conservation of the energy and the mass; 

(3) T* = oo in the defocusing subcritical case {p = 1,1 < p < p*). 


In the critical case, global existence for small data holds in the energy space. 
Theorem 2.2. Let N G [3,6] and p = p*. There exists eo > 0 such that if ^ : = 

m 

{ifi, ...,'ifrn) £ H satisfies 
a unique global solution u G C(R, H). 

Now, we are interested on the focusing problem fll.ip . For u := {ui, £ H, 

we dehne the action 

-l m -| m 

*5(u) ■= 2^2 

j=l ^ j,k=l 

If a, /3 G R, we call constraint 

m 

2X„,^(u) := ^ ((2a + (X - 2)fi)\\Vujf + (2a + Nfi)\\uj\\^ + (2a + fi{N + 2))||a;n,- 
j=i 



/ \ujUk\^ dx. 

JrN 


dx < €o, the system fll.ip possesses 
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Definition 2.3. We say that ^ := {'ipi, ...,'0^) is a ground state solution to fll.ip if 

m 

(2.2) - ipj - |a:| Vj + = 0, 0 7 ^ ^ G Hrd 

k=l 

and it minimizes the problem 

(2.3) := Jnf^{S'(u) s. t Ka^g{vL) = 0}. 

Remark 2.4. If^iEHisa solution to fl2.2p . then is a global solution of (ED 
said standing wave. 

Now, the existence of a ground state solution to fll.ll) is claimed. Define the set 
Gp := {(a, ft) G x M_|_ s. t a{p — 1) < ft}. 

Theorem 2.5. Take N >2, p^ < p < p* and two real numbers {a, ft) G Gp. Then 

(1) m := ma,p is nonzero and independent of {a, ft); 

(2) there is a minimizer of 02.31) . which is some nontrivial solution to 02.2p . 

Using the potential well method [20], we discuss global and non global existence 
of a solution to the focusing problem 01 .ip . Define the sets 

:= {u G hf s. t 5'(u) < m and Ka^g{n) > 0}; 

Afp := {u G R s. t >S'(u) < m and Ka^gfu) < 0}. 

Theorem 2.6. Take N G [2,6] and p^ < p < p*. Let 4' := fifi, ..^firn) G H and 
u G Gt*{H) the maximal solution to 01.ip . 

(1) If there exist {a, ft) G Gp U {1, —|f} and to G [0,T*) such that u(to) G Afp, 
then u is global; 

(2) if there exist {a, ft) G Gp U {1, —and to ^ [0,T*) such that u(to) G Afp 
and xu{to) G then u is non global. 

The last result concerns instability by blow-up for standing waves of the Schrodinger 
problem 01 .ip . Indeed, near ground state, there exist infinitely many data giving 
finite time blowing-up solutions to 01 .ip . 

Theorem 2.7. Take N G [2, 6] and pi := 1 + + \/l -|- N^) < p < p*. Let 'h be 

a ground state solution to 02.21) . Then, for any £ > 0, there exists uq E H such that 
||uo - d'll H < £ and the maximal solution to 01.ip with data Uq is not global. 

In what follows, we collect some intermediate estimates. 

2.2. Tools. First, let us recall some known results uniniE] about the free propa¬ 
gator associated to ED- 

Proposition 2.8. There exists a family of operators U := U{t,s), U{f) := U{t,0) 
such that u{t,x) := U{t,s)(f>{x) is solution to the linear problem 

iu + Am = \x\^u, u{s,.) = f. 

Moreover, we have the following elementary properties 
(1) U{t,f) = Id; 
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(2) {t,s) HA U{t,s) is continuous; 

(3) U{t,sr = U{t,s)-\ 

(4) U{t,T)U{T,s) = U{t,sy, 

(5) U(t,s) is unitary of L"^. 

Duhamel formula yields 

Proposition 2.9. If u is a solution to the inhomogeneous Schrodinger problem 

iii + Au — Ix^u = h, u(0,.) = 0, 

then 

( 1 ) u{t) =—i J^U{t — s)h{s,x)ds; 

(2) Vu(t) = —i /g U{t — s)[Vh + 2xu] ds; 

(3) xu{t) = —i U{t — s) [xh + 2Vu] ds. 

Remark 2.10. Taking the derivative of the equation satisfied by u, we obtain the 
second point. For the last one, we multiply the same equation with x. 

A classical tool to study Schrodinger problems is the so-called Strichartz type 
estimate. 


Definition 2.11. A pair {q,r) of positive real numbers is admissible if 

111 

2 < r < oo and — I— = -. 

q r 2 

In order to control an eventual solution to (ED , we will use the following Strichartz 
estimate [B]. 

Proposition 2.12. For any time slab I, any admissible pairs {q,r) and {a,/3), 

( 1 ) 

(2) II £[/(t - s)h{s,x)ds\\L,^i,Lr) < C'„,p|||/i||^.,(,^^,,), Vh e 


Any solution to fll.ip formally enjoys the so-called Virial identity, which proof is 
given in appendix. 


Proposition 2.13. Let u := {ui,.., Um) & H, a solution to Ea such that XU G . 
Then, 


1 n 

i=i i=i 


N{p - 1) 

2p 



UjUk\^ dx. 


Recall the so-called generalized Pohozaev identity [14] . 


Proposition 2.14. ^ & H is a solution to fl2.2p if and only if = 0. Moreover, 
in such a case 

A'a,/3(4/) = 0, for any {a, ft) G M^. 

The following Gagliardo-Nirenberg inequality [IB] will be useful. 
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Proposition 2.15. For any {ui,Um) G H and any 1 < p < p* yields 

(p-l)iV N-p{N-2) 

2 / m \ 2 

(S 

Let us list some Sobolev embeddings mm- 

Proposition 2.16. Recall some continuous and compact injections. 

(1) whenever l<p<g<oo, s>0 and ^ ^ 

(2) for 2 < p < 2p*, 

( 2 . 6 ) LP{R^y, 

(3) for 2 < p < 2p*, 

(2.7) Kd{^^) LP{R^)- 

(4) if XU G and Vu G then u E L'^ and 

ll«ll ^ l|a;M||||Vu||. 

Remark 2.17. Using the previous inequality, we get ||u||e — + l|Vu||. 

We close this subsection with some absorption result [2B] . 

Lemma 2.18. Let T > 0 and X G C'([0,T],M+) such that 

X<a + bX^ on [0,T], 

where a, 6 > 0, 6* > 1, a < (1 — 4)^-t- and X(0) < —. Then 

^\eb)s - (0b)^ 

X < on [0,r]. 

3. Local well-posedness 

This section is devoted to prove Theorem 12.11 The proof contains three steps. 
First we prove the existence of a local solution to fll.ip . second we show uniqueness 
and hnally we establish global existence in the subcritical case. In this section, we 
assume that p = 1, indeed the sign of the nonlinearity has no local effect. 

3.1. Local existence. We use a standard hxed point argument. For T > 0, we 
denote the space 

Et := \ueC{[0,T],T) s. t u,Xu,xu E {[0,T], L^p) j 

endowed with the complete norm 

m 

||(Ml,..,Mm)||T := ( lllljll +||VMj|| ip +|1tMj|| 

^ L5?(L2)nLy(L2p) L“(L2)nLy(L^ p) L^(L^)f\L 

Dehne, for n := (ui, the function 

m 

(l){u){t) -.= T{t)^ - i'^ / T{t - s){aik\Uk\P\Ui\P~‘^Ui, ...,amk\Uk\^\Um\^~^Um) ds, 
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where T(f)'h ;= U{t)'ijjrn)- We prove the existence of some small T,R > 0 

such that 0 is a contraction on the ball Bt{B) whith center zero and radius R. Take 
u, V G Et, using Propositions 12.9112.121 and denoting g'(u) := o,jk\uk\^ 

we have 


P- 2 ,,, 


n, r u 


‘ji 


(u) -(/)(v)|| 


LS?(L 2 )nL?^P^(L 2 p) 


^ Il5(u)-ffHII _4p_ 2p ; 

^p(4-JV)+JV 


4p 


L 5 ?(L 2 )nLy‘^ ^^(L 2 p) 


4p 


l|V((/>(u) -(/.(v) 
l|x( 0 (u) - (/.(u);„ . 

L 5 ?(L 2 )nLj^^^^(L 2 p) 

Thus, for small T > 0, 

||0(u) -0 (v)||t < 


< \\V{g{u) - 5 (v) 

< ||x( 5 (u) -g{-v)) 


)ll 4 p ^ +r||x((/>(u) - (/.(v))||i^(i 2 ) 

^p(4-]v)+]v / 

I 4 p _ 2 p + r||V((/)(u) - (/)(v))|| 2 ,^(^ 2 ). 

X,p{4-iv)+iv Ty 1 


< 

r\j 


llofu') - ofv'lll 4p 2p + llxfgffu) - ofvPIl 4p 2« 

" ^ ^ ^ ^"ip(4-]V) + ]V(i 2 ^jth) " ^ ^^"2,p(4-]V) + ]V(i 2 Fh) 

||V(^(u)-^(v))|| 4p ^ +T||0(u)-0(v)||i^(j,^,s) 

2^p( 4-JV)+JV (2y2p-l ) 

ll^rtu) - 5((v)|| 4p 2p + ||x(5'(u) - 5'(v))|| 4p 2p 

^ ^ ^ ^ LP(4-iV)+iV II V V / V ^^"^p(4-iV)+iV (i 2 ];=T) 


l-T 


Then, 

||0(u) -0 (v)||t 


< 




Lp(4-N) + N 


j,fc=l 

m 


+ iia^(iwfcri«jr S'-kferi^^iT S)ii 


p(4-JV)+JV ,, 


To derive the contraction, consider the function 

fj,k '■ C™ —)■ C, («!,..., Mm) ^ |Wfc|^|Mj|^ ^Mj. 

With the mean value Theorem 

|/iA(u)-/i,fc(v)| < max{\uk\^~^\uj\P~^+\uk\^\uj\P~‘^, \vk\^\vj\P~‘^+\vk\^~^\vj\P~^}\u-v\ 

Using Holder inequality, Sobolev embedding and denoting the quantity 


■= \\fj,kH - fjA 


we compute via a symmetry argument 


4p 


2p 5 


Lp(4-N) + N 


{A < II 




+ \uknuA-’^ 


u — V 


4p 


I^p(4-A)+JV 


4p 


^ l|u — V,, . 

(^L2py 

4p-2iV(p-l) 

< T *p ||u —v|| 4p 

(L^p) 


Ukr^luAP-^ + lukAuAP-^ 


4p 


^4p-2iV(p-l) 

^>->,-r' + iMfcnM,r 2 ii 


L 2 ?(L?^) 


4p-2iV(p-l) 

< T 4p llu —v| 


(L 2 p) 




(I, 2 p)|Pj|li;p(X, 2 p) 


IP -1 


+ Ikfcll 


L 5 ?(L 2 p)ll'^illL 5 ?(L 2 p) 

I l|P—^ II l|P—^ _L II l|P II l|P—2 


IP-2 


4p-2W(p-l) 

< T 4p ||u — v|| 4p 
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Then 


E 4p —2./V(p —1) ^ „ 

II/?'a(u)-/ j,fc(v)|| 4p 2 , <T ||u- v||t. 

j- p(4-iV)+iV / r N 

A:J=1 ^ ) 

Let estimate the quantity 

|lV(/i,,(u)-/,,(v))|l 

-^T V-^ ^ J 

Write 

5i((/j,fc(u) - /i,fc(v)j = (diudi{fj,k){u) - divdi{fj,k){^)'^ 

= di{u - v)di{fj^k){u) + div(^di{fj^k){u) - fc)(v) j, 

Thus 


u 


)~/7fc(v))|| 4p 2 < 

p(4-N) + N 


J2di{u-v)di{fj^k){u)\\ 4p 


2=1 

m 


p(4,-N)+N 




'^div(di{fj^k){u) - di{fj^k){ 

2=1 


V ) I II 4p 2p 

p{4-]V) + ]V 


(L^) 


< (Il) + P 2 ). 

Thanks to Holder inequality and Sobolev embedding, we obtain 

\p-^\u,r^ + \uknu,r^ 4^ , 


(Xi) < ||V(u-v)|| ^ 

(L 2 p) 


4p-2iV(p-l) 

< T 4p ||v(u-v)|| 4p 

(L 2 p) 

4p-2W(p-l) 

< T 4p ||u — vllr 


p-i 


L”(L2p)ll'^illL~(L2p) 


ip-l 


+ Ikfcll 


L5?(L2p) ll'*^illL“(L2p) 


P-2 


4p-2W(p-l) 

< T 4p ||u — vllr 


p-i 




IIP-l 


+ Ikfcll 




|P-2 


4p-2]V(p-l) 

(3.9) < T-25- R^p-^\\u-v\\t. 

With the same way 


||Vv|| ^ 

r iV(p- 
J-J rjn 

l2(£,2p) 

u — 

v||l5?( 

;L2p)|||wfc|^ 

4p- 

-2iV(p- 

ill 

l|Vv|| 





r~ 

4p 


4p 

^(L2p) 

U 

- V 1 1 J^OD 




L 

N{p- 

T 


T 

4p- 

-2iV(p- 

lii 

l|Vv|| 





r~ 

4p 


4p 

27 (i2p) 

u 

— 




L 

N{p- 

T 



4p- 

-2iV(p- 

ill 

l|Vv|| 





r~ 

4p 


4p 

27(L2p) 

u 

- vll^^CJO 




L 

N{p- 

T 


T 


P\ui\P-^\ 


4p 


'^4p-2N(p-l) 
IPI„. .IP-311 


2p 


'L5?(L2p=3) 


||P-2 

IIl-O 


|P-1 

Il-C 


||P-3 


4p-2JV(p-l) „ „ 

< T H^(NVv|| 4p R^P-^\\u-vU: 

^VT^^riy ^^ 2 p) 


T 
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Using Holder inequality, Sobolev embedding and denoting the quantity 


{J) := || 2 :(/yfc(u) - /yfc(v))|| 4^ 


2p 5 


lv{a-n)+n 


we compute via a symmetry argument 
< 


V' ' ^ "L^(4-iV,+iV 


< 


XU — V 


4p 




IwfeT ViT ^ + 


PU,^.|P- 2 | 


4p 


^4p-2iV(p-l) 


4p-2iV(p-l) , 

< T 4p ||x(u-v)|| 4p 

L^(L2P)' 

4p-2iV(p-l) 

< T 4p ||x(u-v)|| 4 p 

L^(L2P) 


\Uk 


|P-lU, .IP -1 


WiT" + |i^fcriMj 


PU, .|P-2| 




ll'^*'llL5?(L2p)ll'^illL5?(L2p) ll'llfcllL5?(L2p)||'Wj| 


4p-2A^(p-l) 

< T 4p llxfu —v) 


-^T 


Then 


X] IA(/xAu) - /i,fc(v) 


4p 


k,j=l 


LP(i-N)+N 


2p rNj 


4p-2^(p-l) 

>, i 4p P u _ V H. 


Collecting the estimates fl3.8p - fl3.10p . it follows that for T > 0 small enough, 0 is a 
contraction satisfying 

\\ 4 >{u) - 0 (v)||t < t'’ ‘ip - v||t. 


Taking in the last inequality v = 0, yields 

II^-WIIt < r*=^fl^'’-^ + ||W)llT 
< T 'li'-" R^p-^ + tk 

Since p* < p < p* if iV G [3, 6] and p* < p < p* if = 2, is a contraction of Bt{R) 
for some R,T > 0 small enough. The existence of a local solution to fll.ip follows 
with a classical hxed point Picard argument. 


3.2. Uniqueness. In what follows, we prove uniqueness of solution to the Cauchy 
problem fll.ll) . Let T > 0 be a positive time, u, v G Ct{H) two solutions to fll.ip 
and w := u — V. Then 

m 

iijbj + Awj — ajk{\uk\^\uj\^~‘^Uj — \vk\^\vj\^~‘^Vj), Wj{0, .) = 0. 

k=l 

Applying Strichartz estimate with the admissible pair (g, r) = and de¬ 
noting for simplicity L^(U) the norm of we have 

m 

j,k=l 


P-2 

Lf(L'^P) 

-(//!)) 
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Taking T > 0 small enough, whith a continuity argument, we may assume that 

max < 1. 

Using previous computation with 

we have 




< 


< 


(\Uk\^ VjT ^ + \Uk\^\'>^j\^ ^)|u- 


4p 


l^p(4-V)+iV 


u — V 


4p 


^p(4-iV, + iV 


\Uk\^ ^\Uj\P ^ + \Uk\^\u--\P ^ 




(4:-N)p+N 

< T 4p ||u_v| 


Then 


Lrp [L 


(4-N)p+N 

5, T ■‘p I 


I|w||l 9 (1,1-) j (li-). 

Uniqueness follows for small time and then for all time with a translation argument. 


3.3. Global existence in the snbcritical case. The global existence is a conse¬ 
quence of energy conservation and previous calculations. Let u G C{[0,T*), H) be 
the unique maximal solution of fll.ip . We prove that u is global. By contradiction, 
suppose that T* < oo. Consider for 0 < s < T*, the problem 

{ m 

iVj + Avj = ajk\vkT\vj\^-^Vj] 

k,j=i 

Vj{s, .) = Uj{s, .). 

By the same arguments used in the local existence, we can hud a real number r > 0 
and a solution v = (ui,..., Vm) to [Vs] on (^([s, s -|- r], if). Using the conservation 
of energy we see that r does not depend on s. Thus, if we let s be close to T* such 
that T* < s + T, this fact contradicts the maximality of T*. 


4. Global existence in the critical case 

In this section N e [3,6]. We establish global existence of a solution to fll.ip in 
the critical case p = p* for small data as claimed in Theorem 12.21 
Several norms have to be considered in the analysis of the critical case. Letting 
/ C M a time slab, we dehne 

||M|k(/) := ||Vn|| 2(JV+2) 2JV(iV+2) -f ||t-u|| 2(iV+2) 2N(N+2) ] 

L N-2 (/,L ) L N-2 (^I^L N'-i+i ) 

IIiiILsCD := I|m|I 2(N+2) 2(N+2) . 

" ^ ^ L N-2 (^I^L N-2 ) 

Let M(R) be the completion of endowed with the norm ||.||m(r), and 

M(J) be the set consisting of the restrictions to / of functions in M(M). An important 
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quantity closely related to the mass and the energy, is the functional ^ dehned for 
u G -ff by 



dx. 


We give an auxiliary result. 

Proposition 4.1. Let p = p*, 4' := (-01, ipm) G H and A There exists 

5 := > 0 such that for any interval I = [0, T], if 

\\T{m\sm<s. 

then there exits a unique solution u G C(/, H) of fll.ip which satisfies u G {M{I) fl 
L ' ^ (J X Moreover, 


ikjii5(/) < 25. 

i=i 

Besides, the solution depends continuously on the initial data in the sense that there 
exists 6o depending on 6, such that for any 5i G (0, 5o), z/ ||\h — pWh < 5i and v is 
the local solution of (HU with initial data p, then v is defined on I and for any 
admissible couple {q,r). 


< CSl- 


Proof. The proposition follows from a contraction mapping argument. Let the func¬ 
tion 


m 

(j){u){t) :=T{t)'^-i^ T{t-s) 

k=i -^0 


N , , 4-N 


^Ik I I ^ Iwi I ^ ^ Vj\ , .., Ojrnk \ '^k | ^ ^ | '^m \ ^ ^ ) ds. 


Define A'= ||^^||^ and the set 

m m 

Xa,b := {u G {M{I)r S. t E II II 7v^(/) ^ a and E llwillsp) < b 

i=i i=i 

where a,b > 0 are sufficiently small to fix later. Using Strichartz estimate, we get 


||0(u) - 0 (v)||m(7) < 

j,k=l 


L2 (LTVf2) 


+ |k(/i,fc(u) - /i.fc(v 


L2 (LlV+J) 


Using Holder inequality, Sobolev embedding and denoting the quantity 


(/C) := ||a:(/j-fc(u) -/j-fc(v))||^^^^^^. 
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we 


(/C) < 


I ^- 2 ) Ixfu — v) 


2N 

(i7VT5) 


compute via a symmetry argument 

■■ ■ 1 1 ^- I 1-^^ I I 

N-2\uj\N-2 + 

2 2 N 4—N 

(L^-) 

/ 2 2 N 4-N • 

(lk.lUT,;ih;ll5rt + ll“»IISII“illS 


— v) 1 2(iV+2) 


2N{N+2) 

L 

(L 

iV^+4 

— v) 1 2(JV+2) 


2iV(iV+2) 

L 

(L 

iV2+4 

— v) 1 2(JV+2) 


2iV(iV+2) 

L 

(L 

iV^+4 


U 


4 

I JV-2 

l(S(7))- 


Write 


5i(/i,fc(u) - /i,fc(v)) = (^«9iu9i(/j-fc)(u) - divdi{fj^k){^ 

= di{u - v)di{fj^k){u) + div(^di{fj^k){u) - di{fj^k){^ 


Thus 

l|v(t4(u)-/M(U)h^„^, < 


2=1 

m 

'^div{di{fj^k){^) - di{fj,k){v)'^ 

2=1 


2=1 

Using Holder inequality and Sobolev embedding, yields 
i^l) ^ ||V(U- v)(^|Ufc|^|Uj|^ + 


/ 2 2 

< ||V(u — v)|| 2(y+2) 2Af(y+2) ( 1111*: II 2(N+2) ,r„A2: ll'^^jll 2(iV+2) 

N 4-N ^ 

W ||Ufc|| 2(iV+2) 2(iV+2) 2(N+2) 2(N+2) ] 

L {L N-2 ) L {L N-2 y 


2 2 iV 4-N 

--2 in. + ||u,||--||u II-- 


^ 11^ ’'^ll(M(/))(™-) (^ll'^fc|ls(7) ll'^^illsp) + Il'*^fc|l5(/) ||IIj|l5(/) 

|u — 'V 

Using Holder 


4 

< 111! T7-II Hull -^-2 

11^ ^II(M(/))M ll^ll(5(7))m* 

inequality and Sobolev embedding, yields 

. . /. . 4-Af . . 2 . . N . . 6-2 


(I2) < 


iV 6-2iV 

- - ' iV-2 


2N 

L^iL N+2) 


Vu|(u — v)| n -2 \uj\N -2 \uk\ ^-2 \uj 

/ 4-W 

< llVull 2(^+2) 2JV(iV+2) ||u- v||(s( 7 ))m(||Mfc||" 

2(W+2) 2(W+2) 

N 6-2N 

+ llllfcll 2(Af+2) 2(N+2) ll^ill 2(N+2) 2(N+2) 

{L N~2 ) (L ^”2 ) 

6-N 

~ ll’l||(M(/))(™) l|u — v||(5(/))™.||u||^'^^|^^„ 


2 

l^jll 2(iV+2) 

{L 
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Then 

||<^(u) - 0(v)||(M(/))(-) ^ a^||u-v||(M(/))-+&a^||u-v||(s(7))m 

4 6-N 

< (a^-2 + ba^-^)\\u - v||(m(7))-. 

Moreover, taking in the previons ineqnality v = 0, we get for small 5 > 0, 

ll</’(u)ll(S(/))(™) <^ + C'a'V- 2 ; 
ll'/’(’i)ll(M(/))(™) < CA + Cba^-'^. 

With a classical Picard argnment, for small a = 26, b > 0, there exists u G Xa^b a 
solution to jnj satisfying 

l|u||(S(/))("*) ^ 25. 

The rest of the Proposition is a consequence of the fixed point properties. ■ 

We are ready to prove Theorem 12.21 

Proof of Theorem 12.21 Using the previous proposition via the fact that 

IIAijs-lU,,, < ||r(()>i-||„,„ < iirfii + iivs-ii, 

it suffices to prove that ||a:u|| +1| Vu|| remains small on the whole interval of existence 
of u. Write with conservation of the energy and Sobolev’s inequality 

yy _ 2 ^ N N 

(||xu|| + ||Vu||)2 < 2U(T) + ——^ / ajk\uj{x,t)\^\uk{x,t)\^ dx 

m 

]\f _—_ N 

i=i 

< c'(e(^)+e(^)^) + c'dixuii + iivu||)^. 

So, by Lemma [2.181 if is sufficiently small, then ||xu|| + ||Vu|| stays small for 
any time. ■ 


5. The stationary problem 


The goal of this section is to prove that the elliptic problem fl2.2p has a ground 
state solution. Let us start with some notations. For u := {ui, ...,Um) G H and 
a, j3 E M, we introduce the scaling 

and the differential operator 

£a,l5 '■ t , Uj HA 9 A((Rj)“’^)|A= 0 - 

We extend the previous operator as follows, if A : —)■ M, then 


£a,pA{u,) := dx{A{{u^r’%,=0- 
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Denote also the constraint 




- ^ ((2a + (A^ - 2)/3)||Vn,f + (2a + N/3)\\ujf + (2a + I3{N + 2))\\xu,f^ 
i=i 

1 m 

— ajk / (2pa + iV/3)|njnfc|P(ia: 


9 “> 


/3K'^j 


1=1 


) 2 p ^ 


(2pa + Nj3)\ujUk\^ dx. 


Finally, we introduce the quantity 




F(u) 


2a + /3{N + 2) 


K. 




U 


-l lit -| in 

2a + (N + 2)fi [ E + 2|l^“ill') + - 1) - /?) E 


UjUk\^ dx 


Now, we prove Theorem 12.51 about existence of a ground state solution to the sta¬ 
tionary problem fl2.2p . 

Remark 5.1. (i) The proof of the Theorem \2.,5\ is based on several lemmas; 

(ii) we write, for easy notation, Uj := (n^)"’^, K := iFa,/ 3 , '■= p, £ '■ = 

£a^p and H . Ho^^p. 

Lemma 5.2. Let {a,/3) G Gp, then 

(1) min (£i/(u), hf(u)) > 0 for all u G H; 

(2) A I—)■ H{u^) is increasing. 

Proof. With a direct computation 


£H{u) = £(1 -- r^)S{u) 

^ ^ ^ 2a + {N + 2)A 

= 2a + {N + 2)P {£-i^» + iN + 2)13)) (£ - (2a + (iV - 2)/3)) F(u) 

= 2a + {N + 2)P - (2« + (A" + 2)£)) {£-{2a + {N - 2)13)) F(u) + (2a + {N - 2)/3)R(u) 
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Since (£ — {2a + {N — 2)/?)) |1 = (£ — {2a + (A^ + 2)/3)) ||xttj|p = 0, we have 

(£ — {2a + {N — 2)/3)) (£ — {2a + A^/3)) (|| |p) = 0 and 


£H{u) > 


> 


2a + {2 + N)/3 

1 2a{p-l)-2(5 
^2a + {2 + N)f3 


^ m 

{£ — {2a + {N — 2)/3)) (£ — {2a + (2 + N)f5)) ^ ajk 


m « 

{2a{p - 1) + 2/5) V ajk / 

,• JR 


j,k=l 


\ujUk\^ dx > 0. 


j,k=l 


The last point is a consequence of the equality dxH{u^) = £H{u^). m 

The next intermediate result is the following. 

Lemma 5.3. Let {a, /5) G satisfying 2a + {N — 2)/5 > 0, 2q; + N/3 > 0, 2a + 
{N + 2)/5 > 0 and 0 7 ^ (-u”, be a bounded sequence of H such that 

m 

i=i 

Then, there exists no G M such that K{u'^, > 0 for M n > uq. 

Proof. We have 

K^{u") = ((2a + (iV-2)/5)||Vn”||2 + (2a+A^/5)||n"||2 + (2a + (Ar+2)/5)|la:n^"||2) ^ 0, 
Using Proposition 12.151 via the fact that p* < p < p*, yields 


m „ / m \ 

i«xr<ix = oWiiv<f 

j,k=i \i=i / 


= oiE^''®k: 

i=i 


Thus 


A-K,...,0 = 


(2pa + N ft) 


i=i 

m 


2p 


m « 






i=i 


We read an auxiliary result. 

Lemma 5.4. Let {a, ft) G Gp. Then 

ma8= inf \L[{u) s. t iP(u) < 0|. 

Proof. Denoting by a the right hand side of the previous equality, it is sufficient to 
prove that nia^y < a. Take u G i/ such that A'(u) < 0. Because lim K^{u^) = 0, 

by the previous Lemma, there exists some A < 0 such that iP(u^) > 0. With a 
continuity argument there exists Aq < 0 such that iP(u^o) = 0, then since A 1 —)■ H{u^) 
is increasing, we get 

map < iL(u'^°) < H{u). 
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This closes the proof. 

Proof of theorem 12.51 

Let {(j)n) ■= ( 01 , ■■•,0m) be a minimizing sequence, namely 

(5.11) 0 7 ^ (0„) G H, K{(j)n) = 0 and limiL(0„) = hm5'(0„) = m. 


With a rearrangement argument via Lemma 15.41 we can assume that (0n) is radial 
decreasing and satisfies fl5.1ip . 

• First step: (0^) is bounded in H. 

First subcase a 7 ^ 0. Write 


a 


m m « p m 

E ii€iii - E <‘^) = H2E(ii^€it - ) 

m ^ m „ 

-^EiI€III + 7E“.^X 

m ^ m « 

EiK‘III--E“.‘XJ^," 

j=i j,k=i 




b](j)l\P dx ^ 2m. 


Denoting A yields 


2 a’ 

mm. m m .. m 

E II'^”IIG E /_^|.A”«l’’'ic = A(2E(l|V0?ll"-|KII")-A'Ell'<'"ll^+V D 

j=l yfc=i 1=1 1=1 P j,fc=i 


So the following sequences are bounded 


m m m p 

2AE(l|V.>”f - - E + E 

1 = 1 1 = 1 i,fc=l 

2A f: II V0-|r + 2A f: 110-11^. + (1 - i±^) f: ai. [ 

U U p 


10^0^0 dx; 


m m « 

Eii€iil--E“.‘X 

1=1 ^ i,k=i 


| 0 ^ 0 ^rdx 

.=1 ' j,k=- 

Thus, for any real number a, the following sequence is also bounded 

l + a + 2A'" 


P 


I IL n 

\ V Oifc / 10^ 


d4>l\^dx. 


l|V0”||^+2A^ 1107 1107 II|+(1' 

7=1 7=1 7=1 

Choosing a > 0 near to zero, via the fact that 2A < p — 1, it follows that (0„) is 
bounded in H. 

• Second step: the limit of (0„) is nonzero and m > 0. 

Taking account of the compact injection fl2.6p . we take 

i’t'u-.'Kn) ^ 4 '= {’Pl,-, 4 >ni) in H 


in (T-) 


(m) 


107 0 ^ 1 " dx 


and 
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The equality K{(j)n) = 0 implies that 

m 

^((2a+(iV-2)/3)||V</),"f+(2a+iV/3)||<?i-||2+(2a+/3(iV+2))||x</): 




j = l 


- V ajk f {2pa+N/3)\4> 


Assume that ^ = 0. Using Holder inequality 

wmWp < unWkWi ^ = o. 

Now, by lemma [53] yields K{(f)n) > 0 for large n. This contradiction implies that 

With lower semi continuity of the H norm, we have 
0 = liminfA'(0„) 


> ^°+^^-^)^ liminfW||VCf + inf Will,#, 

9 n • ^ ^ 9 T7. • ^ 


n II 2 

i II 


i=i 


J = 1 


2q; + N pi 


liminfy ||0"f - 

77 < ^ ^ 


J = 1 


2ap + N (3 

2p 


ajk / \(pj(j)k\^dx 

J,k=i 


> K{<P). 


Similarly, we have < m. Moreover, thanks to Lemma [5.41 we can assume that 
K{cf)) = 0 and S{(f)) = < m. So that ^ is a minimizer satisfying fl5.1ip and 


m = = 


2q! + (iV + 2)/3 L 


^^(||0jf+2||V0jin + -(a(p-l)-/3) ^ ajk / \(t)jp)k\^ dx 

P j,k=i 


• Third step: the limit 0 is a solution to fl2.2p . 

There is a Lagrange multiplier r; G M such that *S"((/)) = pK'{(p). Thus 

0 = K{<P) = £S{(P) = (5'(0), m) = v{K'{<P), £(0)) = rj£K{cP) = p£^S{<P). 

With a previous computation, for (A) := —£‘^S{(j)) — (2q; + [N — 2)fi){2a + (A^ + 
2)fi)S{(j)), we have 

(A) = -{£-{2a + {N-2)f3)){£-{2a + iN + 2)f3))S{cP) 

= - —{2a{p-l)+ 2/3) ^ Qjk [ \(/)j(j)k\^ dx 

2P Jr^ 

> 0 . 


Therefore £^S'(0) < 0. Thus p = 0 and S'{(j)) = 0. So, 0 is a ground state and m is 
independent of (a,/3). 
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6. Invariant sets and applications 


This section is devoted to obtain global and non global existence of solntions to 
the system fll.l|) . Precisely, we prove Theorem 12.61 We start with a classical result 
about stable sets under the flow of fll.lj) . 

Lemma 6.1. The sets and A~^ are invariant under the flow of fll.ll) . 

Proof. Let T G and u G be the maximal solution to fll.ip . Assume that 

u(fo) ^ Afp for some to G (0, T*). Since <S'(u) is conserved, we have Ka^js^uflo)) < 0. 
So, with a continuity argument, there exists a positive time ti G (0,fo) such that 
A'a,/ 3 (u(fi)) = 0 and S'(u(ti)) < m. This contradicts the definition of m. The proof 
is similar in the case of A~ m 

The previous stable sets are independent of the parameter (a,/5). 

Lemma 6.2. The sets Af ^ and A~^ are independent of {a,fl). 

Proof. Let (a,/9) and {a', fl') G Gp. We denote, for h > 0, the sets 

:= {u G Lf s. t <5'(u) < m — S and Ar„_^(u) > 0}; 

A~^p := {u G iL s. t 5'(u) < m — 5 and Ka^/si^u.) < 0}. 

By Theorem 12.51 the reunion is independent of So, it is sufficient 

to prove that A'^^^ is independent of (a,/3).The rescaling := e“'’'u(e“^^.) implies 
that a neighborhood of zero is in If S'(u) < m and = 0, then u = 0. 

So, is open. Moreover, this rescaling with A —)• —oc gives that A^^ is contracted 
to zero and so it is connected. Now, write 



Since by the definition, Aj^ is open and 0 G A^*^ n Aff using a connectivity 
argument, we have A^"^ = ■ 

6.1. Global existence. With a translation argument, we assume that to = 0. Thus, 
iS'(\[') < m and with lemma [6Al u(t) G A^;^ for any t G [0, T*). Moreover, 



-l lit lit 

) + -(p 





Then, since the norm is conserved, we have 


m 
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Moreover, using the energy identity and Proposition 12.151 yields 

\ujUk\^ dx 


lit n 

^ 2Riv V 


xujp) dx = 


1 f 

+ - E / 

P j,k=i 


(p-l)iV 

2 


< £(>!<)+ I E IIV%I 


E 

vi=i 


N-p{N-2) 

2 


Ui 


Finally, T* = oo because 


sup 2, 

0<t<T* 

- J=1 




6.2. Non global existence. Denote, for n := (ui, ..jUm) G H, the quantities 


K{u) = K,_^{u) = (llVMjir - \\xujf) - ajk j 

j=i ^ j,k=i 


\ujUk\^ dx 


j,k=l 

UjUk\^ dx 


( 6 . 12 ) 


m m « 

/(u) := ii:i,o(u) = \\uj\\l - Y ^ 3 k / 

j=i j,k=i 

^ inf^ |s'(n), s. t iF(n) = 0 and J(u) < o|. 


First, let us prove existence of a ground state to fl2.2p for (a,/3) = (1,-;|). 
Proposition 6.3. Take (j) a ground state solution to fl2.2p . Then 

-A = S{(f)) = ruifi. 

Proof. Take f a ground state solution to fl2.2p . Then, K{(f) = /(0) = 0 and 5'(0) = 
m. Thus, 

ixiifl < < 5'(0) = mi^o- 


Now, we prove the second part of Theorem 12.71 
With a translation argument, we assume that to = 0. Thus, 5'(u) < m and with 
Lemma l^m u(t) G for any t G [0, T*). By contradiction, assume that T* = oo. 

Take the real function Q{t) := Xljli /rjv \x\‘^\uj{t)\‘^ dx. Thanks to Virial identity 
fl2.4p . we get 

We infer that there exists 5 > 0 such that iF^_2.(u(t)) < —6 for large time. 
Otherwise, there exists a sequence of positive real numbers tn —)■ +C)0 such that 
Ki ^(u(t„)) —)• 0. By the definition of _ 2. and Lemma [6.21 yields 

m< {S - Ki _|^)(u(f„)) = S'(T) - K^_ 2 _{u{tn)) 5'(\k) < m. 

This absurdity finishes the proof of the claim. Thus Q" < —86. Integrating twice, 
Q becomes negative for some positive time. This contradiction closes the proof. 
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7. Strong instability 

This section is devoted to prove Theorem 12.71 about strong instability of standing 
waves. We keep notations of thr previous section, namely, K := Ki_ 2 _ and / := 
^ 1 , 0 - 

Lemma 7.1. Let v G 77 such that /(v) < 0 and i7(v) < 0. Then, for any A > 1, 

(1) f K(v,); 

(2) 77(va) < 0, when X is close to one. 

Proof. (1) Compute 




2^ dx 

J=1 


- 2 | 


XVi 


-21 


\XVi 


= 5;(a"||v«,|P-a 

i=i 

N 

(2) We have /(v) < 0 and K{v) < 0, then 

N{p - 1) 

2p 


2p 


m 

^ k=l ^ 

m « 


\vjVkf dx 


^{p 1) „ xACp-i) 


VjVkf dx 


k=l 




\xvA\ + 


i=i 


i=i 


m m p 

/ 

j=i j,k=i 


m p 

iA=i 

\vjVkf‘ dx] 


\vjVkf dx; 


2X]iivT,ir<(i+ 


A^(p- 1), 


i=i 

Moreover 


2p 


m p m 

I ^ Ojk / \vjVkf dx - ^ 
xk=i 


m 

i=i 


,-2ii_, 112 A^(p-l) 


A llxndl — 


VjW - 


2p 

N{p - 1) 


m p 

/ \vjVkf dx^ 


k=l 


no p 

k=i 


< ^5:((A^-i)iiv.„ 

i=i 

-| 7TL lit p 

- ^ J \vjVkfdxy 


VjVkf dx 


j=l k=l 

We took the real function defined on (1, cxd) by 

/(A) := (A" - 1)(1 + 1) (^n(p-i)+2 _ 

Then, the derivative satisfies when r tends to one 
/'(A) = 4A^(1 + ~ _ (Ar(p - 1) + 2) ~ 

2p p 
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So, for X := N{1 — i), we get 


/'(I) 


+ Wp-i) + 2) 

4: + 2x — {px + 2)x 
4 — px"^. 


N{p - 1) 

p 


This implies, via the fact that p > pi := 1 + ^ {1 + y/T+I^), f is decreasing 
near to one. Since /(I) = 0, we get / < 0 near to one. The proof of the 
second point of the Lemma is finished. 


The next intermediate result reads as follows. 

Lemma 7.2. Let ^ to be a ground state solution of fl2.2p . A > 1 a real number 
close to one and the solution to fll.ip with data := A^T(A.). Then, for any 
t G (0, T*), 

S{ux(t)) < *S'(T) and K^ _ 2 _{ux(t)) < 0. 

Proof. By Lemma 17.11 we have 

S{^x) < Si'^) and K^^_^{^x) < 0 . 

Moreover, thanks to the conservation laws, it follows that for any t > 0, 

S{ux{t)) = Si'^xit)) < S{^). 

Then i^i _^(uA(f)) 7 ^ 0 because T is a ground state. Finally, with a continuity 
argument _^(uA(t)) < 0 . ■ 

Now, we are ready to prove the instability result. 

Proof of Theorem 12.71 Take G Ct*{H) the maximal solution to fll.ip with 
data Ta, where A > 1 is close to one and T is a ground state solution to fl 2 . 2 p . With 
the previous Lemma, we get 

UA(t) G A~_^, for any t G (0,r*). 

Then, using Theorem 12.61 it follows that 

lim ||uA(t)||H = 00 . 

t^T* 

The proof is finished via the fact that 

lim 11'1 /a — 4/||h = 0. 

A^l 

8. Appendix 


We give a proof of Proposition 12.131 about Virial identity. 

Let u G iL, a solution to fll.ip such that xu G Denote the quantity 














COUPLED NLS WITH POTENTIAL 


23 


Multiplying the equation fll.ip by 2uj and examining the imaginary parts, 
Thus, for a{x) := \x\^, we get 


m « 

V'{t) = —2^^ / \x\‘^^{ujAuj) dx 

m „ 

= 4^^ O’ / {x.Vuj)ujdx 


m 


= 2 2^ O' / {dkadkUj)uj dx. 

Compute, for g the nonlinearity in fll.ip . 

dt'^{dkUjUj) = '^{dkUjUj) + ‘^{dkUjUj) 

= ^{iiijdkUj) — ^{idkiijUj) 

= '?R.{dkUj{—Auj + \x\'^Uj — g'(u))) — 'Si.{ujdk{—Auj + \x\‘^Uj — g{vL))) 

= ^{ujdkAuj — dkUjAuj) — ^{ujdk{\x\‘^Uj) — dkUj\x\‘^Uj) + ^{ujdkg{u) 

Recall the identity 
1 


dkUjg{u)). 


-dkA{\uj\ ) - 2di^{dkUjdiUj) = ^{ujdkAuj - dkUjAuj). 


Then, 


I dkoSliujdkAuj — dkUjAuj) dx = / dka(-dkA{\uj\‘^) — 2diSl{dkUjdiUj^dx 

= 2 didka^{dkUjdiUj) dx 

= 4||Vu,ir 

Moreover, 

/ dka^{ujdk{auj) — dkUjaUj) dx = / {dkaY\uj'^ dx 

Jr^ Jr^ 

= 4||a;Mj||^ 

On the other hand 

/ dka^{ujdkg{'yi) — dkUjg{vL)) dx = / dka^{dk[ujg{\i}\ — 2dkUjg{'u)) dx 



AaUjg{M) — 2'Sl{dkadkUjg{\i)'^ dx 
—2N''^^ajk / \ukUj\^ dx — 2 / dka^{dkUjg{u)) dx. 


k=l 
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Write 

m 

’^{dkUjg{u)) = aji'^{dkUj\ui\P\uj\^~‘^Uj) 

1 = 1 
-i m 

^ 1=1 

Then 

m 

y2^{dkUjg{u)) = 

i=i 


Finally 

-| m . m „ 

-V"{t) = Ay"{\\Vuj\\^-\\xUjf)-2N{l--)y" aji \ujUi\P dx. 

‘^7^1 P t^i 
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